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Abstract. This paper has a twofold purpose: to present an overview of the theory 
of absolutely summing operators and its different generalizations for the multilinear 
setting, and to sketch the beginning of a research project related to an objective 
search of "perfect" multilinear extensions of the ideal of absolutely summing operators. 
The final section contains some open problems that may indicate lines for future 
investigation. 



1. Introduction 

Absolutely summing multilinear operators and homogeneous polynomials between 
Banach spaces were first conceived by A. Pietsch [ST1IH2] in the eighties. Pietsch's work 
and R. Alencar and M.C. Matos' research report [T] are usually quoted as the precursors 
of the now well-known nonlinear theory of absolutely summing operators. In the last 
decade this topic of investigation attracted the attention of many authors and various 
different concepts related to summability of nonlinear operators were introduced; this 
line of research, besides its intrinsic interests, highlighted abstract questions in the 
mainstream of the theory of multi-ideals which contributed to the revitalization of the 
general interest in questions related to ideals of polynomials and multilinear operators 

(see lainiiiaEziEH]). 

This paper has a twofold purpose: to summarize/organize some information 
constructed in the last years concerning the different multilinear generalizations of 
absolutely summing operators; and to sketch a research project directed to the 
investigation of the existence of multilinear ideals (related to the ideal of absolutely 
summing operators) satisfying a list of properties which we consider natural. We define 
the notion of maximal and minimal ideals satisfying some given properties and obtain 
existence results, using Zorn's Lemma. We also discuss qualitative results, posing some 
question on the concrete nature of the maximal and minimal ideals. 

None of our goals has the intention to be exhaustive: the overview of the multilinear 
theory of absolutely summing operators will be concentrated in special properties and 
has no encyclopedic character. Besides, our approach to the existence of multi-ideals 
satisfying some given properties is, of course, focused on those selected properties. 



Key words and phrases. Absolutely summing operators; multiple summing multilinear operators; 
strongly multiple summing multilinear operators; multi-ideals. 

2010 Mathematics Subject Classification:46G25, 47B10, 47L20, 47L22. 

Daniel Pellegrino is supported by CNPq (Edital Casadinho) Grant 620108/2008-8. 

1 



2 



DANIEL PELLEGRINO AND JOEDSON SANTOS 



2. Absolutely summing operators: an overview 



A. Dvoretzky and C. A. Rogers [41], in 1950, solved a long standing problem in 
Banach Space Theory, by showing that in every infinite-dimensional Banach space there 
is an unconditionally convergent series which fails to be absolutely convergent. This 
result answers Problem 122 of the Scottish Book [BU] (the problem was raised by S. 
Banach in [31 page 40]). 

This result attracted the interest of A. Grothendieck who, in [15], presented a different 
proof of Dvoretzky-Rogers Theorem. Grothendieck' s "Resume de la theorie metrique 
des produits tensoriels topologiques" together with his thesis may be regarded, in some 
sense, as the birthplace of the theory of operators ideals. 

The concept of absolutely p-summing linear operators is due to A. Pietsch [80] and 
the notion of (g, p)-summing operator is due to B. Mitiagin and A. Pelczyhski 
Another cornerstone in the theory is J. Lindenstrauss and A. Pelczyhski's paper 
which translated Grothendieck's ideas to an universal language and showed the intrinsic 
beauty of the theory and richness of possible applications. 

From now on the space of all continuous linear operators from a Banach space E to 
a Banach space F will be denoted by C{E, F). Let 



i/p 



/7weak 



(E) := (x,)- 1 C E : \\ix,)-L,\\ := sup J] ^x,)]' < oo 



and 



i/p 

AE) ■■= { (x,)r=i C E : ||(x,)r=i|L := I E ll^^'H" 1 < ^ 



If 1 < p < g < oo, we say that a continuous linear operator u : E F i?, {q,p)- 
summing if G iq{F) whenever G ^^^'^(E). 

The class of absolutely (g, p)-summing linear operators from E to F will be 
represented by IT, p {E, F) and Up {E, F) ii p = q (in this case m G Hp {E, F) is said to 
be absolutely p-summing) . 

An equivalent formulation asserts that u : E F is (g, p)-summing if there is a 
constant C > such that 



jJj=i\ 



Eii^(^.)r <c\\ixr 



w.p 



/)weak / 



for all (xj)°li G i^'"'^{E). The above inequality can also be replaced by: there is a 
constant C > such that 

Eii-(^.)rj <c^ll(^.)."iilL, 

for all xi, ...,Xm G E and all positive integers m. 

The infimum of all C that satisfy the above inequalities defines a norm, denoted by 
7Tq^p{u) (or np{u) if p = q), and (Jlq^p {E, F) , Hq^p) is a Banach space. 
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From now on, if 1 < p < oo, the conjugate of p is denoted by p*, i.e., + = 1. 

For a full panorama of the linear theory of absolutely summing operators we refer to 
the classical book [37] . Here we restrict ourselves to five pillars of the theory: Dvoretzky- 
Rogers Theorem, Grothendieck's Inequality, Grothendieck (Lindenstrauss-Pelczyhski) 
£1-^2 Theorem, Lindenstrauss-Pelczyhski Theorem (on the converse of Grothendieck 
£1-^2 Theorem) and Pietsch Domination Theorem. 

Dvoretzky-Rogers Theorem can be stated in the context of absolutely summing 
operators as follows: 

Theorem 2.1 (Dvoretzky-Rogers Theorem, 1950). Ifp > 1, then Up{E] E) = C{E; E) 
if and only if dim E < 00. 

In view of the above result it is natural to ask for the existence of some p and infinite- 
dimensional Banach spaces E and F for which Ilp{E; F) = C{E; F). This question will 
be answered by Theorem 12.31 and Theorem 12.41 below. 

The fundamental tool of the theory is Grothendieck's Inequality (the formulation 
below is due to Lindenstrauss and Pelczyhski |5l])- We omit the proof, but several 
different proofs can be easily found in the literature: 

Theorem 2.2 (Grothendieck's Inequality (version of Lindenstrauss and Pelczyhski), 
1968). There is a positive constant Kg so that, for all Hilbert space H, all n G N, 
every matrix {cLij)nxn '^'^^ ^''^V ^ly-y^n, yi,---,yn in the unit ball of H, the following 
inequality holds: 



(2.1) 





n 


< Kg sup 1 









A consequence of Grothendieck's Inequality is that every continuous linear operator 
from ii to I2 is absolutely 1-summing. This result was stated by Lindenstrauss- 
Pelczyhski [5l] and is, in some sense, contained in Grothendieck's Resume. This type 
of result is what is now referred to as a "coincidence theorem", i.e., a situation where 
there are Banach spaces E and F and real numbers 1 < p, g < 00 so that 

n,,p(E,F) = £(E,F). 

The same terminology will be used for multilinear mappings. 

We sketch here one of the most elementary proofs of Grothendieck (Lindenstrauss- 
Pelczyhski) Theorem; the crucial role played by Grothendieck Inequality is easily seen. 

Theorem 2.3 (Grothendieck's £1-^2 Theorem (version of Lindenstrauss, Pelczyhski), 
1968). Every continuous linear operator from ii to £2 is absolutely 1-summing. 

Proof. Let (T„,)^^ be the sequence of the canonical projections , i.e.. 



^ a^Cj h-> T„ (x) = ^a^e^.. 



-n ■ ti r ti 

00 

X 

i=l 1=1 
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Let {xk)Zi e C (^i) with 



^GSq fc=l 



One can easily verify that 



||(T„a;fc)~ Jl^^ = sup ^|(^(T„Zfc)| < 1. 



Denoting 



Xk — ^jkdj and Tn^k — ^ ^ o-jkf^ji 
i=i i=i 
for each n, k, we can verify that for any positive integers m < n and (sj)^^^ , (tA;)fcLi 
i?K, we have 

^ J^ajfcSjtfc < 1. 
j=i fc=i 

Now, let T G £(£i,£2) and m, n G N, with n > m. For each k, 1 < k < m, from 
Hahn-Banach Theorem and Riesz Representation Theorem there is a G £2? with 

||l/fc|l2 ^ 1; SO that 

||TT„Xfc||2 = {TTnXk.Vk)- 
If m < n, we can choose Um+i = • ■ ■ = 2/n = 0. Hence 



k=l 

Now Grothendieck's Inequality comes into play: 

m 

(2.2) ^||TT„Xfe||2<i^G||T||sup 



fc=i i=i 



/t=i 



i=i fc=i 



: \sj\,\tk\ < U < A>, IIT 



G 



for all n, m, with n > m. Since 



hm T^Xfc = Xk, 



making n 00 em (12.21) . we have 

m 

J2\\Txkh<KG\\T\ 



k=l 



and the proof is done. 



□ 



The next result is a kind of reciprocal of the Grothendieck Theorem (for a proof we 
refer to 



Theorem 2.4 (Lindenstrauss, Pelczyhski, 1968). If E and F are infinite- dimensional 
Banach spaces, E has an unconditional Schauder basis and ni(i?,F) = C{E,F) then 
E = ii and F is a Hilbert space. 
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Another interesting feature of absolutely summing operators is the Domination- 
Theorem: 

Theorem 2.5 (Pietsch-Domination Theorem, 1967). If E and F are Banach spaces, 
a continuous linear operator T : E ^ F is absolutely p-summing if and only if there is 
a constant C > and a Borel probability measure fi on the closed unit ball of the dual 
ofE, {BE*,a{E*,E)) , such that 

(2.3) ||T(x)||<c(^ |^(x)rrf/i 

Proof. (Sketch) If (12.31) holds it is easy to show that T is absolutely p-summing. For the 
converse, consider the (compact) set P{Be*) of the probability measures in C{Be*)* 
(endowed with the weak-star topology). For each {xj)Y=i in E, and m G N, let 
g : P{Be*) ^ M be defined by 

m r- „ 

j=l L J Be* J 

and J-" be the set of all such g. It is not difficult to show that J-" is concave and each 
G J-" is continuous and convex. 

Besides, for each g E there is a measure Hg G P{Be*) such that g{pg) < 0. In fact, 
from the compactness of Be* and Weierstrass' theorem there is a y^o ^ so that 



^\MXj)f = sup ^\^{Xj)f . 

Then, considering the Dirac measure Pg = 6^,^, we deduce g{fig) < 0. So, Ky Fan Lemma 
(see [ini page 40]) ensures that there exists a G P{Be*) so that 

9ip) < 

for all g E J-" and by choosing an arbitrary g with m = l the proof is done. □ 

Using the canonical inclusions from Lp spaces we get the following result: 

Corollary 2.6 (Inclusion Theorem). If 1 < r < s < oo, then every absolutely r- 
summing operator is absolutely s-summing. 

The 70's witnessed the emergence of the notion of cotype of a Banach space, with 
contributions from J. Hoffmann- J0rgensen [l6], B. Maurey [61], S. Kwapieh [53], E. 
Dubinsky, A. Pelczyhski and H. P. Rosenthal [ID] among others; in 1976 the strong 
connection between the notions of cotype and absolutely summing operators became 
evident with the work of B. Maurey and G. Pisier [22]. Let us recall the notion of 
cotype. 

The Rademacher functions 

r„ : [0, 1] — ^ M, n G N 

are defined as 

fn (t) := sign (sin2"'7rt) . 
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A Banach space E is said to have cotype g > 2 if there is a constant A' > so that, 
for all positive integer n and all Xi, ...,Xn in E, we have 



(2.4) 



1/9 



< K 




(t) Xi 



i=i 



1/2 



dt 



We denote by (E) the infimum of all such K satisfying (12. 4p and cot E denotes the 
infimum of the cotypes assumed by E, i.e., 

cot E = inf {2 < g < oo; E has cotype q} . 

It is worth mentioning that E need not to have cotype cot E. 

The following combination of results of Maurey, Pisier and Talagrand [20] are 
self-explanatory: 

Theorem 2.7 (Maurey, Pisier, 1976 + Talagrand, 1992). // a Banach space E has 
finite cotype q, then ids is absolutely {q,l)- summing. The converse is true, except for 
q = 2. 

Proof. (Easy part) If E has cotype q < oo, then 

1/9 



E 



i=l 



1/2 



dt 



< Cg(E)SUp 



M<1 



< C,{E) 

The rest of the proof is quite delicate. 



[X 



□ 



In the 80's the part of the focus of the investigation related to absolutely summing 
operators was naturally moved to the nonlinear setting, which will be treated in the 
next sections. However the linear theory is still alive and there are still interesting 
problems being investigated (see, for example, [321 [50]). For recent results we mention 
[HI [23 (SB [S2]: 

Recent results reinforce the important role played by cotype: 

Theorem 2.8 (Botelho, Pellegrino, 2009 ). [25]; Let E and F he infinite- 

dimensional Banach spaces. 

(i) IfUi{E,F) = C{E,F) then cotE = cotF = 2. 

(it) //2 < r < cotF and Ug^r{E,F) = C{E,F), then C{ii,icotF) = ng,^(£i, Cif)- 
(Hi) If cot F = oo and p > 1, there exists a continuous linear operator from E to F 
which fails to he p-summing. 

In a completely different direction, recent papers have investigated linear absolutely 
summing operators in the context of the theory of lineability/spaceability (see 
[T2l [85| B9]). For example, in [19] the following result (which can be interpreted as 
a generalization of results from [30]) is shown: 
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Theorem 2.9 (Kitson, Timoney, 2010). LetlC{E,F) denote the space of compact linear 
operators from E to F. If E and F are infinite- dimensional Banach spaces and E is 
super-reflexive, then 

l<p<oo 

is spaceable (i.e., AU {0} contains a closed infinite- dimensional vector space). 

3. Operator ideals and multi-ideals: generating multi-ideals 

The theory of operator ideals is due to Pietsch and goes back to his monograph [79] in 
1978. An operator ideal I is a subclass of the class C of all continuous linear operators 
between Banach spaces such that for all Banach spaces E and F its components 

I{E;F) := C{E;F)nI 

satisfy: 

(1) I{E; F) is a linear subspace of C{E; F) which contains the finite rank operators. 

(2) (Ideal property) If m G I{E; F), v e C{G; E) ior j = 1, . . . ,n and t G C{F; H), 
then touov eI{G;H). 

The structure of operator ideals is shared by the most important classes of operators 
that appear in Functional Analysis, such as compact, weakly compact, nuclear, 
approximable, absolutely summing, strictly singular operators, among many others. 

The multilinear theory of operator ideals was also sketched by Pietsch in [STj . 

From now on IK represents the field of all scalars (complex or real), and N denotes 
the set of all positive integers. For n > 1, the Banach space of all continuous n- 
linear mappings from Ei x ■ ■ ■ x En into F endowed with the sup norm is denoted by 
C{Ei, En] F). 

An ideal of multilinear mappings (or multi-ideal) Ai is a subclass of the class of all 
continuous multilinear operators between Banach spaces such that for a positive integer 
n, Banach spaces Ei, . . . , En and F, the components 

M{Ei, ...,En;F) := C{Ei, ...,En,F)nM 

satisfy: 

(i) M.[Ei, . . . , En] F) is a linear subspace of C{Ei, . . . , En, F) which contains the 
n-linear mappings of finite type. 

(ii) The ideal property: ii A E Ai{Ei, . . . , En] F), Uj G C{Gj] Ej) for j = 1, . . . , n 
and t G C{F; H), then t o Ao (^ui, . . . , m„) belongs to A^(Gi, . . . , Gn', H). 

Moreover, there is a function || ■ ||x ^ — > [0, oo) satisfying 

(i') II ■ 11^ restricted to A^(i?i, . . . , En] F) is a norm, for all Banach spaces Ei, . . . ,En 
and F, which makes Ai{Ei, . . . , En, F) a Banach space. 

(ii') \\A:W — >K: A{Xi, . . . , A„) = Ai ■ ■ ■ Xn\\M = 1 for all n, 

(iii') U A e M{Ei, . . . , En, F), uj G C{Gj; Ej) for j = 1, . . . , n and G C{F; H), 
then ||vo Ao {ui,...,Un)\\M < \\v\\\\A\\m\\ui\\ ■■■|l^*n.||- 

However, the construction of adequate multilinear and polynomial extensions of a 
given operator ideal needs some care. The first is that, given positive integers ui 
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and 77.2, the respective levels of rii-linearity and n2-linearity need to have some inter- 
connection and obviously a strong relation with the original level (n = 1). This 
pertinent preoccupation has appeared in different recent papers, with the notions of 
ideals closed for scalar multiplication, closed for differentiation and the notions of 
coherent and compatible multilinear ideals (see [T0 | ITSl l27] ). 

The following properties illustrate the essence of the aforementioned inter-connection 
between the levels of the multi-ideal (these concepts are natural adaptations from the 
analogous for polynomials defined in [T5]). 

Definition 3.1 (cud multi-ideal). An ideal of multilinear mappings M. is closed under 
differentiation (cud) if, for alln, Ei, En, F and T G M.{Ei, E^', F) , every linear 
operator obtained by fixing n — 1 vectors ai, aj-i, Cj+i, a„ belongs to Ai{Ej] F) for 
all j = 1, n. 

Definition 3.2 (csm multi-ideal). An ideal of multilinear mappings is closed for 
scalar multiplication (csm) if for all n, Ei, E^, En+i, F, T G Ai{Ei, E^', F) and 
(fi G the map ipT belongs to Jli{Ei, En, En+i, F) . 

For the theory of polynomials and multilinear mappings between Banach spaces we 
refer to [MIES]. 

4. Multiple summing multilinear operators: the prized idea 

Few know that the concept of multiple p-summing mappings was introduced in 
a research report of M.C Matos in 1992 [56], under the terminology of "strictly 
absolutely summing multilinear mappings" . The motivation of Matos was a question of 
Pietsch on the eventual coincidence of the Hilbert-Schmidt n-linear functionals and the 
space of absolutely (s;ri, r„)-summing n-linear functionals for some values of s and 
Tfc, k = 1, ...,n. In this research report, the first properties of this class are introduced, 
as well as the connections with Hilbert-Schmidt multilinear operators and a solution to 
Pietsch's question in the context of strictly absolutely summing multilinear mappings. 

However, this research report was not published and only in 2003 Matos [58] published 
an improved version of this preprint, now using the terminology of fully summing 
multilinear mappings. At the same time, and independently, Bombal, Perez-Garcia 
and Villanueva [TJ [77] introduced the same concept, under the terminology of multiple 
summing multilinear operators. 

Since then this class has gained special attention, being considered by several authors 
as the most important multilinear generalization of the ideal of absolutely summing 
operators. For this reason we will dedicate more attention to the description of this 
class. 

A fair description of the subject should begin in 1930, when Littlewood [55] (see [1] 
for a recent approach) proved his Littlewood's 4/3 inequality asserting that 
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for every bilinear form [/ : £^ x £^ — )■ C and every positive integer A^. One year later 
Bohnenblust and Hille [6] (see also [SU [35]) improved this result to multilinear forms 
by showing that for every positive integer n there is a C„ > so that 



n + l 

N \ 2n 



(4.1) |f^(en,-,e.J|"+^ <Cn\\U\\ 

\i\,...,i„=l J 

for every n-linear mapping U : x ■ ■ ■ x ^ C and every positive integer A^. 

Using that £ (cq; E) is isometrically isomorphic to £^ (E) (see [37]), Bohnenblust-Hille 
inequality can be re-written as (details can be found in 



Theorem 4.1 (Bohnenblust-Hille, re-written (Perez-Garcfa, 2003)). If 1 < p < oo, 

and n is a positive integer and Ei, ...,En. are Banach spaces and U G C{Ei, . . . , E^, K), 



then there exists a constant C„ > such that 

n + l 

N 2n \ 2n 



w,l 



(4.2) |f/(x«,...,4:V- <an"^-^'^^" 

\jlvjn = l / k = l 

(k) 

for every positive integer N and Xj G Ek, A; = 1, n and j = 1, A^. 

In this sense Bohnenblust-Hille theorem can be interpreted as the beginning of the 
notion of multiple summing operators: 

If 1 < pi, ...,Pn < q < oo, T : El X ■■■ X En ^ E is multiple {q;pi, ...,Pn)- summing 
(T G 'Cm,(q,pi,...,p„){Ei, ...,En; E)) if there exists C„ > such that 



(4.3) I y: r(xj.;\...,x5.:))iM <c^.n 

\jl,---,jn = l / k=l 



Xj )j=l\\w,p^. 



for every (xf ^)~ ^ G i^^^k), k = l, 

When pi = ... = pn = pwe write Cyn^{q-p) instead of £m,(g;pi,...,p„); when = ... = p„ = 
p = q we write Crn,p instead of Cm,(q;pi,...,Pn)- The infimum of the constants C„ satisfying 
(14.31) defines a norm in £m,(g,p) and is denoted by 'nq-p^,...,pf. (or Hq-p if pi = ■ ■ ■ = pk = p 
or even iTp when pi = ■ ■ ■ = Pk = P = q) ■ It is worth mentioning that the essence of the 
notion of multiple summing multilinear operators, for bilinear operators, also appears 
in the paper of Ramanujan and Schock [57] . 

It is well-known that the power in Bonenblust-Hille Theorem 14. II is optimal. The 
constant Cn from (14.21) is the same constant from (14. ip . The optimal values are not 
known. For recent estimates for C„ we refer to [7D]. For example, in the real case, for 

2 < n < 14, in [70] it is shown that C„ < 2" "sn" if n is even and by C„ < 2" ^st" 
if n is odd (these estimates are derived from [35]). In the complex case, H. Queffelec 



n. 



n-l 



A. Defant and P. Sevilla-Peris [M] have proved that C„ < but for n > 8 

better estimates can be also found in [70] (also derived from 



So, since the power is sharp, one might not expect that the class of multiple 
summing operators shall lift the trivial coincidence situations from the linear case, i.e., 

Up{E;K) = C{E,K) 
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for every Banach spaces E but, in general, 

£^,,rE;K)^£rE,K). 

The multi-ideal of multiple summing multilinear operators is, by far, the most 
investigated class related to the multilinear theory of absolutely summing operators (see 
[20l [33| IM f [7^ and references therein). The reason for the success of this generalization 
of absolutely summing operators is perhaps the nice combination of nontrivial good 
properties, as coincidence theorems similar to those from the linear theory ([Tf [TTl [2U] ). 
and challenging problems as the inclusion theorem which holds in very special situations. 

The main results below are presented with the respective dates. In the case of results 
that appeared in a thesis or dissertation and were published after, we have chosen the 
date of the thesis/dissertation. 

A first remark on the class of multiple summing multilinear operators is that it is 
easy to show that coincidence results for multiple summing multilinear operators always 
imply in the respective linear ones (details can be found in [7Tj): 

Proposition 4.2. If C{Ei, . . . , E^, F) = Cm,{q-p^,...,p^){Ei, . . . , E^- F) , then 

£(E,;F) = n,,p^.(E,;F),j = l,...,n. 

Bohnenblust-Hille type results were also studied in a different perspective (trying to 
replace by 2 by changing the 1-weak norm by some j9„-weak norm). If (pfc)^Q is 
the sequence of real numbers given by 

Po = 2 and pk+i = for ^ > 0, 

then the following Bohnenblust-Hille type result is valid: 

Theorem 4.3 (Botelho, Braunss, Junek, Pellegrino, 2009). Let Ei, . . . , E^ be 

Banach spaces of cotype 2. If k is the natural number such that 2^~^ < n < 2^, then 

C{Ei, . . . , En, IK) = £m(2;pfe,...,pfc)(-E'l, • • • , En] K). 

A very important contribution to the theory of multiple summing multilinear 
operators was given in D. Perez- Garcia' s thesis, where several new results and 
techniques are presented, inspiring several related papers. The inclusion theorems 
proved by Perez-Garcia deserves special attention: 

Theorem 4.4 (Perez-Garcfa, 2003). ^) If 1 < p < q < 2, then 

^■m,p{Ei, En] F) C Crn,q{Ei, En] F) . 

Perez-Garcia has also shown that the above result cannot be extended in the sense 
that for each q > 2 there exists T G CmpC^i] IK) for I < p < 2 which does not belong 
to£^,,(2^i;K). 

When the F has cotype 2 the result is slight better: 

Theorem 4.5 (Perez-Garcia, 2003). ^) If 1 < p < q < 2 and F has cotype 2, 
then Cm,p{Ei, En-, F) C £,„,g(-E'i, En-, F). 

When the spaces from the domain have cotype 2, the inclusions from Theorem 14.41 
become coincidences (for a simple proof we refer to [TU [19] ; the main tool used in the 
proof are results from [2]): 
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Theorem 4.6 (Botelho, Pellegrino, 2008 and Popa, 2009). (^9\ EM) U ^ < P^Q < 
and El, ...,En have cotype 2, then 



Recently, in [Tl|, it was shown (using complex interpolation and an argument of 
complexification) that a more general version of Theorem 14.51 is valid when the spaces 
from the domain are £oo-spaces: 

Theorem 4.7 (Botelho, Michels, Pellegrino, 2010). Let I < p < q < oo and Ei, . . . ,En 
be Coo-spaces. Then Cm,p{Ei, . . . , F) C Cm,q{Ei, . . .,En;E). 

The proofs of the above results are technical and we omit them. For other related 
results we mention ([11], [HI UM)- 

Coincidence theorems are also a fruitful subject in the context of multiple summing 
operators. For example, D. Perez-Garci'a proved that Grothendieck's Theorem is valid 
for multiple summing multilinear operators: 

Theorem 4.8 (Perez-Garci'a, 2003). [73] // 1 < p < 2, then £rn,p("^i; ^2) = C{^^iA2)- 

We sketch the proof of a more general result from [20], which is inspired in Perez- 
Garcfa's ideas: 



Theorem 4.9 (Botelho, Pellegrino, 2009). Letr>s>l. If C{ii; F) = Ur-s{ii;F), 
then 

C{"'ii; E) = £m,(r-;min{s,2})("^i; F) 

for every G N. 

Proof. (Sketch) In [771 Theorem 3.4] it is shown that when 1 < p < 2, then 
C,nA^h;K) = C{Hi-K), and 

(4.4) M-)<KM-l 

Let ix^l^)Y=i, • • • , {x^j^^)Y=i be n finite sequences in ii. Using that is isometrically 
isomorphic to ii and fl4.4p . one can prove that, for every 1 < p < 2, 



X 



(1) 
ji 



X 



{n)\mi,...,'m„ 

in )jl,--;jn = l 



< K 



w,p 



-2n-2 
G 



(l)\mi 



w,p 



in). 



)j=l 



w,p 



Let A G £("£i;F). By we mean the linearization of A on that is 

Al G £(®^£i; E) and Al{xi ® ■ ■ ■ ^ x„) = A{xi, . . . , x„) for every Xj G £1. Since 
is isometrically isomorphic to ii, by assumption we have that Al is (r; s)-summing and 
7^r;s{AL) < = ^H^H, whcrc M is a constant independent of A. Using the claim 
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with p = min{s, 2} we get 



mi,...,m„ 



(1) 



E 11^(4; 

VilvJn = l 



X 



(n)^ 



mi,...,mr, 



(1) 



\ilv,in = l 

<..,(A,)||(4>...®x]:)-:x 



{n)-^mi,...,mn 
= 1 



(n)Nmi,...,m„ 



= 1 



< M\\A\\K^ 



2n~2 



[X 



(l)\m,i 



■w,s 

iii,min{s,2} 



w,mm{s,2} 



X 



3 '3=^ 



which shows that A is multiple (r; min{s, 2})-summing. 



«),min{s,2} 
□ 



Corollary 4.10 (Botelho, Pellegrino, 2009). (^) Let 1 < p < 2, r > p and let F be 

a Banach space. The following assertions are equivalent: 

(a) C{e,-F) = C^^r,p){^i^-F). 

(h) F) = F) for every n e N. 

(c) F) = Cmir;p){''ii; F) for some neN. 

The connection between linear coincidence results with coincidence results for 
multiple summing multilinear operators in indeed stronger: 

Theorem 4.11 (Botelho, Pellegrino, 2009). (^) Let p,r e [l,q] and let F be a 
Banach space. Let B{p,q,r, F) denote the set of all Banach spaces E such that 

C{E; F) = Ug,p{E; F) and C{E; i,{F)) = U,,r{E; i,{F)). 

Then, for every n > 2, 

{El, . . . , En, F) 

whenever Ei, . . . ,En G B{p,q,r,F). 

Proof. (Sketch) Induction on n. For the case n = 2, let Ei,E2 G B{j>,q,r, F). By the 
Open Mapping Theorem there are constants Ci and C2 such that 

'^q;p{u) < Ci||n|| for every u G C{E2; F) and 
T^q;r{v) < C2||f|| for cvcry V G C{Ei; iq{F)) . 

Let A G C{Ei,E2;F). Given two sequences {xf)f=i G and {xf)f^i G ^^(^2), 

fix m G N and consider the continuous linear operator 

A^rn) , El (iq{F) : 4"^) (x) = (A(x,xf )),..., A(a:,x(^)), 0,0,...). 

So, aS'") is (g ; r)-summing and 7rg;r(v4 ['"'') < C2||A[™''||. For each x G Be^, consider the 
continuous linear operator 

A^: E2^ F : A^{y) = A{x,y). 
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So, is (g; p)-summmg and 7Tq-p{Ar^) < Ci||A^.|| < Ci||y4|| ||x|| < Ci||y4|| and we can 
obtain 



d=l k=l 



<CiC2 



X 



3 >i=^ 



.X 



(2)\m 
k )j=l 



which shows that A is multiple (g; r, p)-summing and iTq.j.^p^A) < CiC2||A||. 

Suppose now that the result holds for ra, that is: for every Ei,...,En G 
B{p,q,r,F), C{Ei, . . . , En, F) = Cm{q;r,...,r,p){Ei, . . . , E^; F). To prove the case n + 1, 
let Ei,...,En+i G B{p,q,r, F). Since i?2, • • • , -E^+i belong to B{p,q,r, F), we have 
C{E2, ■ ■ ■ , En+i, F) = Crn{q;r,...,r,p){E2, ■ ■ ■ , En+i] F) hj the iuductiou hypotheses and 
hence there is a constant Ci such that 



q;r,...,r,p 



{B) < Ci\\B\\ for every B e £(^2, . . . , E„,+i; F). 



Since Ei G B{p, q, r, F), there is a constant C2 such that 

vr,;.(i;) < C2||i;|| for every v G £(^1; 



^,J{En) and (a;^"'''^'')j^i ^ ^p(-^n+i), fix m G N and consider the continuous hnear 
operator 



Let A G C{Ei,...,En+i]F). Given sequences e £^"(^1),..., ^ 

,("+l)\oo 



So, is (g ; r)-summing and TTg-riAi" ) ^ C'2||^i ||- For each x G -Bb^, consider the 



A^r^ : E, ^ iq{F) : ^-^(x) = xjf , . . . , 

L^'"'' is (g; r)-summing an'^ ^ f A^'^h ^ nA\ /iMi 
continuous n-linear mapping 

Al: E2 X ■■■ xE„+i 

So, 

and we conclude that 



1 ■ ■ ■ 1 



A{x,X2 



, . . . , 



< nl|(4'^)r=i 



(n+l)^ 



w,p 
□ 



Corollary 4.12 (Souza, 2003, Perez-Garcfa, 2003 ). ("[3 [731 189]; U F has cotype g and 
El, . . . ,En are arbitrary Banach spaces, then 

C{Ei, ...,En]F) = Cm\q-i){Ei, . . . , En] F) and 

vr,;i(A) < Cq{Fr\\A\\ for every A G C{Ei, . . . , F), 
where Cq{F) is the cotype q constant of F. 

Proof. Both F and iq{F) have cotype g (see [371 Theorem 11.12]), so C{E;F) = 
Uq.i{E; F) and C{E; iq{F)) = Uq.i{E] iq{F)) for every Banach space F by (23 Corollary 
11.17]. ' □ 
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Corollary 4.13 (Perez-Garcia, 2003). f]71[73]^ If Ei, . . . ,En are Ci-spaces and H is a 
Hubert space, then 

C{Ei, . . . , En, H) = Cm,2{Ei, . . . , En] H) and 
7r2(A) < A^SPII for every AeC{Ei,...,En,H), 
where Kq stands for the Grothendieck constant. 

Proof. From [31], Ex. 23.17(a)] we know that H and i2{H) are £2-spaces, so C{E; H) = 
U2-2{E;H) and C{E;£2{H)) = U2;2{E] £2{H)) for every £i-space S by [371 Theorems 
3.1 and 2.8]. ' □ 

Corollary 4.14 (Perez-Garcia, 2003). [73]; // F has cotype 2 and Ei,...,En are 
Coo-spaces, then C{Ei, . . . , En] F) = Cm,2{Ei, . . . ,En]F). 

Proof. From [37| Theorem 11.12] we know that F and i2{F) have cotype 2, so 
C{E;F) = U2.2{E;F) and C{E;i2{E)) = U2.2{E; i2{E)) for every £oo-space ^ by [371 
Theorem 11.14(a)]. □ 

By invoking [271 Theorem 11.14(b)] instead of [HTl Theorem 11.14(a)] we get: 

Corollary 4.15. If F has cotype q > 2, Ei,...,En are Coo-spaces and r < q, then 

C{Ei, . . . , En] F) = Cm{q,r)iEi, . . . , En] F). 

Very recently, in a remarkable paper [35], A. Defant, D. Popa and U. Schwarting 
introduced the notion of coordinatewise multiple summing operators and, among 
various interesting results, presented the following vector-valued generalization of 
Bohnenblust-Hille inequality. Below, a multilinear map U G C{"'Ei, En, F) 
is separately (r, l)-summing if it is absolutely (r, l)-summing in each coordinate 
separately. 

Theorem 4.16 (Defant, Popa, Schwarting, 2010). Let F be a Banach space with cotype 
q, and 1 < r < q. Then each separately (r, l)-summing U G C{Ei, En', F) is multiple 
i^^^^ A) -summing. 

Using F = K, q = 2 and r = 1 in the above theorem, Bohnenblust-Hille Theorem is 
recovered. 

A last comment about the richness of applications of the class of absolutely summing 
multilinear operators is related to tensor norms. 

A. Defant and D. Perez-Garcia [33] constructed an n-tensor norm, in the sense 
of Grothendieck (associated to the class of multiple 1-summing multilinear forms) 
possessing the surprising property that the a-tensor product a{Yi, ...,Yn) has local 
unconditional structure for each choice of n arbitrary £p^. -spaces Yj. This construction 
answers a question posed by J. Diestel. It is interesting to mention that in [TS] it is 
shown that none of Grothendieck' s 14 norms satisfies such condition. 

5. Other attempts of multi-ideals related to absolutely summing 

operators: an overview 

In the last decade several classes of multilinear maps have been investigated as 
extensions of the linear concept of absolutely summing operators (for works comparing 
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these different classes we refer to [261 ES]). Depending on the properties that a given 
class possesses, this class is usually compared with the original linear ideal and, in some 
sense, qualified as a good (or bad) extension of the linear ideal. In this direction, the 
ideals of dominated multilinear operators and multiple summing multilinear operators 
are mostly classified as nice generalizations of absolutely summing linear operators. 
Of course, the evaluation of what properties are important or not has a subjective 
component, but some classical properties of absolutely summing operators are naturally 
expected to hold in the context of a reasonable multilinear generalization. 

The usual procedure in the multilinear and polynomial theory of absolutely summing 
operators is to define a class and study their properties. The final sections of this paper 
have a different purpose; we elect some properties that we consider fundamental and 
investigate which classes satisfy them (specially if there exist maximal and minimal 
classes, in a sense that will be clear soon). 

Below we sketch an overview of the different multilinear approaches to summability 
of operators which have arisen in the last years: 



5.1. Dominated multilinear operators: the first attempt. If p > 1, 

T G C{Ei, En] F) is said to be p-dominated (T G Cd,p{Ei, En, F)) if 



original linear ideal of absolutely summing operators; during some time (before the 
emergence of the class if multiple summing multilinear operators) this ideal seemed to 
be considered as the most promising multilinear approach to summability (however, 
as it will be clear soon, this class is, is some sense, too small). The terminology "p- 
dominated" is justified by the Pietsch-Domination type theorem (a detailed proof can 
be found in [72] or as a consequence of a more general result [5U]): 

Theorem 5.1 (Pietsch, Geiss, 1985). /"|43j ) T G C(E-i . .... E„: F) is p- dominated if and 
only if there exist C > and regular probability measures fij on the Borel a-algebras of 
B^i endowed with the weak star topologies such that 



for every Xj G Ej and j = 1, n. 

Corollary 5.2. Ifl<p<q<oo, then Cd,p C Cd,q. 

This class has several other similarities with the linear concept of absolutely summing 
operators. We mention two results whose proofs mimic the linear analogues: 

Theorem 5.3 (Melendez-Tonge, 1999). ([Q3\) Let 2 < p < r* < oo. Let n be a positive 
integer and F be a Banach space. Then 





^d,l{"'(^p', F) — Cd,rC'(^p', F). 
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Theorem 5.4 (Extrapolation Theorem, 2005). (\Q8\) Ifl<r<p<oo and E is a 
Banach space such that 

then 

for every Banach space F. 



A consequence of Grothendieck's Inequahty ensures a rare coincidence situation for 
this class (this result seems to be part of the folklore of the theory): 

Theorem 5.5. £d,2(^Co;K) = C{^cq]K). 

Proof. (Real case) It suffices to deal with A: P^x P^- 



with 



< 1. Note that 



\Mx.y)\ 



y4(ej, ej)xiyj 



\i=l i=l 

Let aij = A{ei, Cj) and {xk)k=i, {yk)k=i ^ ^2'(0 be so that \\ixk)k=i 
1, with 

Xk = {x^^\-;Xk'^) and yk = {y^,^\ ....y^^^). 
Hence, for i.j = 1, ...,m, consider 



L 9 ' IK^^)fc^=ilL.2 



< 



Xi := ix 



(0 Ji)^ 



x%>)ei^ and^•:=(yl^^...,|/)^Oe 



0') r- bN 



1 ; 



It is well-known (see, for example, [721 Proposicion 5.18]) that 

ana \\vUk•)h-^ II „ = 



(a;fc)Li||^2 = max \\xi\\' and \\{yk)k=i 

'""'^ l<i<m 



N ||2 ||~||2 

" ^ = max \\yA\ 

w,2 ll^J I 



So we have < 1, < 1 for every 2,j = l,...,m, and, since 

Grothendieck's Inequality we have 



and therefore 



i.e., 



m AT 



i,j=l fc=l 



G 



N / m 

E E«^.-4Si^'^ 
fc=i \ij=i 



G 



and 



AT 



E^ i^k^vk) 



k=l 



N 



k=l \i=l 



<Kg. 



< 1, from 



ABSOLUTELY SUMMING MULTILINEAR OPERATORS: A PANORAMA 



17 



Since Xk can be replaced by EkXk with Sk = I or —1, we can conclude that 

TV 

k=l 

□ 

In fact the result above is valid for £00 spaces instead of cq. For a direct proof of this 
result to C{K) spaces we refer to |8]. 

It is also known that dominated multilinear maps satisfy a Dvoretzky-Rogers type 
theorem {Cd.p{"'E] E) = C{^E\ E) if and only if djmE < 00). Recent results show that 
this class is too small, in some sense (coincidence situations are almost impossible). The 
proof of the next result presented here is different from the original |47], and appears 
in [n]: 

Theorem 5.6 (Jarchow, Palazuelos, Perez-Garci'a and Villanueva, 2007). f |47] ) For 

every n > 3 and every p > 1 and every infinite dimensional Banach space E there 
exists T G C{"'E; K) that fails to be p-dominated. 

Proof. Suppose that every T e ^{^E; K) is p-dominated. From [HI Lemma 3.4] one 
can conclude that every continuous linear operator from E to C{E; C(^E;K)) is p- 
summing. From [371 Proposition 19.17] we know that C(^E;]K) has no finite cotype, 
but from Theorem 12.81 (iii) this is not possible. Since the result is true for n = 3, it is 
easy to conclude that it is true for n > 3. □ 

For polynomial versions of this result we refer to [T6| [22] and for more results 
on dominated multilinear operators/polynomials we refer to [HI [HI [23 [13 [S3] and 
references therein. 

Since Theorem 15.61 is valid for > 3, a natural question is: are there coincidence 
situations for n = 2 different from the obvious variations of Theorem 15.51 ? The answer 
is yes: 

Theorem 5.7 (Botelho, Pellegrino, Rueda, 2010). f [24j ) Let E be a cotype 2 space. 
Then E®^E = E^^E zf and only zf Cd,iCE;K) = C(^E;K). 

The existence of spaces fulfilling the hypotheses of Theorem 15.7! is assured by G. 
Pisier [HH] . Also, cot = 2 is a necessary condition for Theorem 15.7! since in [23] it is 
also proved that 

Cd^CE; K) = C(^E; K) ^ cot ^ = 2. 

5.2. Semi-integral multilinear operators. If p > 1, T G C{Ei, ...E^] F) is p-semi- 
integral (T G Csi,p{Ei, E^, F)) if there exists a C > such that 

II nxf\ ...,xf) r] <cl sup Yl i M^f^)-M4^) r 

for every m G N, xj'^ G Ei with / = 1, ...,n and j = 1, m. 

This ideal goes back to the research report [1] of R. Alencar and M.C Matos and 
was explored in [26]. As in the case of p-dominated multilinear operators, a Pietsch 
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Domination theorem is valid in this context (for a proof we mention [26], although the 
result is inspired by the case p = 1 from Alencar-Matos paper [1]; see also [23] for a 
recent general argument): 

Theorem 5.8 (Alencar, Matos, 1989 and Qaliskan, Pellegrino, 2007). T e 
C{Ei, ...En', F) is p- semi-integral if and only if there existC > and a regular probability 
measure /i on the Borel a— algebra B{B^* x ■ ■ ■ x B^*) of B^* x ■ ■ ■ x B^* endowed 
with the product of the weak star topologies a{Ef,Ei), I = 1, ...,n, such that 

1/p 

V9i(xi)...v9„(x„) |P c//i(v9i, ...,V9„) 



r(xi, ...,x„) \\<clj 



Corollary 5.9. If 1 < p < q < oo, then Csi,p C Cgi^q. 

It is well-known that, as it happens with the ideal of p-dominated multilinear 
operators, this ideal satisfies a Dvoretzky-Rogers type theorem. 

This "size" of this class is strongly connected to the "size" of the class of p-dominated 
multilinear operators. For example, in [25] it is shown that 

(5.1) Csi^p{Ei, En, F) C Cd^npiEi, En, F). 

In fact, if T G Csi,p{Ei, ...,En;F) then 

Ell ^(^S''^- 



<C\ sup E I vMl')-^n{xf) 1^ 



= l,...,n 



< C sup 

ipi&B^* ,1=1,. ..,n 



oo 



C 



[X 



U)\oo 
1 )j=l 



w,np 



ll-^n )j=l 



1 

np 



I "P 



'■w,np 



In view of the "small size" of the class of p-dominated multilinear operators, the 
inclusion (15. ip might be viewed bad property. 

5.3. Strongly summing multilinear operators. If p > 1, T G C{Ei, E^, F) is 
strongly p-summing (T G Css,p{Ei, En, F)) if there exists a constant C > such that 

(5.2) [J2\\n4^,-,4^)r] <cl sup Ei<^(4'^-'^?^)r • 

for every m G N, xj'"* G Ei with Z = 1, n and j = 1, m. 

The multi-ideal of strongly p-summing multilinear operators is due to V. Dimant 
[5S] is perhaps the class that best translates to the multilinear setting the properties of 
the original linear concept. For example, a Grothendieck type theorem and a Pietsch- 
Domination type theorem are valid: 



Theorem 5.10 (Dimant, 2003). (138] ) Every T G £("£i;£2) is strongly 1-summing. 
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Theorem 5.11 (Dimant, 2003). (\38\) T G C {Ei, E^, F) is strongly p- summing if, 
and only if, there are a probability measure on B(^E-i_®^-®^EnY ; '"^^^^ ^he weak-star 
topology, and a constant C >Q so that 

(5.3) ||T(xi,...,x„)|| < C I / \'^{xi®---®Xn)\^'d^i{^) 

for all (xi, x„) G -El X ■ ■ ■ X E^, 

The foUowing intriguing resuh shows that in special situations the class of strongly 
p-summing multilinear maps contains the ideal of multiple p-summing operators: 

Theorem 5.12 (Mezrag, Saadi, 2009). (^^) Let I < p < oo. If Ej is an Cp-space for 
all j = l,...,n and F is an Cp* -space, then 

^m,p''{El, En] F) C Css,p*{El, En] F) . 




It is not hard to prove that a Dvoretzky-Rogers Theorem is also valid for this class. 
Besides, the class has a nice size in the sense that no coincidence theorem can hold for 
n-linear maps if there is no analogue for linear operators. This indicates that this class 
is not "unnecessarily big" . 

5.4. Absolutely summing multilinear operators. If^ < — + ■■■ + —, T G 

C{Ei, En] F) is absolutely (p; gi, gri)-summing at the point a = (ai,...,a„) G 
El X ■ ■ ■ X En when 

(T(ai + xf\ ...,an + xf) - T{ai, a^) J^^ G ip{F) 

for every (^x^j'^^ G £^^{Ek). This class is denoted by jC^^sip-qi q„)- When a is 

the origin call simply absolutely (p; (ji, q',^)- summing and represent by jCas,{p;qi,...,q„) 
(when qi = ■ ■ ■ = qn = q we write Cas,{p;q) and when qi = ... = qn = q = p 
we just write Cas,p)- In the case that T is absolutely (p; gi, gn)-summing at every 
(ai, a„) G i?! X ■ ■ ■ X we say that T is absolutely p-summing everywhere and we 
write T G CZ^^^.q^^,„^^^^{Ei, En] F) (when = ■ ■ ■ = g„ = g we write C^^^p.^q) and 
when gi = ... = g„, = g = p we just write C'^as,p)- 

The class of absolutely (p; gi, g„)-summing operators (when a = 0) seems to have 
appeared for the first time in |T] . The starting point of the theory of absolutely summing 
is perhaps the result due to A. Defant and J. Voigt (see [1]), known as Defant-Voigt 
Theorem, which asserts that every continuous multilinear form is (1; 1, l)-summing. 
We prove here a slightly more general version which can be found in ([18j): 

Theorem 5.13 (The generalized Defant-Voigt Theorem, 2007). Let A G 

C{Ei, En] F) and suppose that there exist 1 < r < n and C > so that for any Xi G 
El, Xr G Er, the s-linear (s = n — r) mapping Axi....x^(a^r+i5 ■■■,Xn) = A{xi, ...,Xn) is 
absolutely (p; gi, qs) -summing and 

\\'^xi....Xr\\as{p;qi,---,qs) - ^ H^lH ••• H^'"!! ' 
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Then A is absolutely {p; 1, 1, qi, qs)-summing. In particular 

C{Ei, En-i K) = Cas,liEi, En, K) 

Proof. (Sketch) Given m G N and x^™"* G Ei,...., G En, let 

us consider (pj G Bp' such that y4(x[-' Xn"*) = (pj{A{xi\ ...,Xn^)) for every 

j = 1, ...,m. Fix bi, ...,bm G K so that ^ \bj\'^ = 1, where ^ + ^ = 1, and 



Si) 



P Q 



= J2bj\\A{x'f\...,xl^^) 



If A is the Lebesgue measure on / = [0, l]*", we have 



- J = l \l = l / il=l jr = l 



rfUr) ™(i) T^i^^rlX 

■^r 1 -^r+l^ ■■■1 •'^n /"^ 



h'^jA{xt\...,x[^^\x%,...,x^^^) / r,{t{)r,,{t{)dtr... / r,(t,)r,„(t,)t^t. 



mm m 
j=l ji=l j,.=l 

(■') 

For 2;; = X] ^3{U)xi , I = 1, we get 



O'l) (i) 



o=i 



< 



■m / r 



j = l \l = l / il = l jr = l 

and after standard calculations we get 



dX 



^(i) 



< 



c^pii n 



J n 



\X 



U)\m 
I )j=l 



\l=r+l 



□ 



Using a generalized version of Grothendieck's Inequality, D. Perez Garcia proved a 
striking generalization of Theorem I5.5t 

Theorem 5.14 (Perez-Garcia, 2002). (^^) £a,,(i,2)("co; K) = /:("co;K) for every 
n>2. 

A recent result from Blasco et al [5] shows that the crucial cases of Theorem 15.141 are 
precisely the cases n = 2 and n = 3 : 
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Theorem 5.15 (Blasco, Botelho, Pellegrino, Rueda, 2010). Let 1 < r < 2. If 



C{^E; K) = Cas,ii,r)CE; K) and C^E; 



as,{l,r)\ -C/i 



E;K), then 



for every n > 2. 



Proof. (Sketch of the proof when n is odd) Induction: Suppose that the result is vahd 
for a fixed odd k and we shall prove that it is also true for k + 2. Let T G C{^~^'^E] K) 
and consider 

F = EiS)n ■ ■ ■ ®-kE {k times) 
G = E®^E. 



Consider a bilinear form 
so that 



B e C{F, G; 



T(x\ 



,x 



k+2\ 



m and s = 1, k + 2. Using Defant-Voigt Theorem for B 



Let xf e E ioT J = 1 
and the induction hypothesis one can found a constant C so that 

m. 

5:|r(4",...,.f«>) 

(1) „ „ Jk) Jk+1) 



E 1^(4 

i=i 



® X 



(fc+2)^ 



<G\\B\ 



[X 



Wyrn 



(E) 



[X 



k+1 



k+2\m I 
)j=l I 



ie^iEi2)^E) 



, (fc+2)xm 
)j=l 



and the proof is done. □ 

For general Banach spaces, the class (1,2) IK) also plays an important role, as 
an "upper bound" for the classes of p-dominated multilinear mappings [75]: 

Theorem 5.16 (Floret, Matos, 1995 (complex case), Perez-Garcia, 2003). Let n G 

n>2 and p >1. If E is a Banach space, then 

£,,p("E;K) c£„,,(i,2)("^;K). 

At a first glance the concept of absolutely summing multilinear operator seems to be 
the natural multilinear definition of absolute summability. However it is easy to find 
bad properties which makes the ideal very different from the linear ideal. 

For example, no general Inclusion Theorem is valid. In fact, Defant-Voigt Theorem 
ensures that 

£,,,i(2£2;K) = £(%;K) 
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but it is easy to show that 

Besides, contrary to the hnear case, several coincidence theorems hold, and this behavior 
removes the linear essence from this class. For example, Grothendieck's Theorem 
is valid but there are several other coincidence situations with absolutely no linear 
analogue, as 

(5.4) Cas,i{''^2;F) = C{^i2-.F) 

for all n > 2 and all F. Since ( 15. 4p is not true for n = 1, from now on we call coincidence 
situations as (15. 4 p by "artificial coincidence situation". 

Moreover, the polynomial version of this class is not an holomorphy type (this is a bad 
property!) and, in the terminology of this bad property is reinforced since this class 
is not compatible with the linear ideal of absolutely summing operators. Despite its 
bad properties, this class has some challenging problems (see, for example, [HI HHl ) • 

As it occurs for multiple summing multilinear operators, in ([H]) it was shown that 
a full Inclusion Theorem is valid when the spaces from the domain are £oo-spaces: 

Theorem 5.17 (Botelho, Michels, Pellegrino, 2010). Let 1 < p < q < oo and 
El, . . . ,En be Coo-spaces. Then 

Cas,p{Ei, . . . , En, F) C Cas,q{Ei, . . ., En, F). 

In some cases, surprisingly, the inclusion theorem holds in the opposite direction than 
the expected [H] (i.e. if p increases, the ideal decreases): 

Theorem 5.18 (Junek, Matos, Pellegrino, 2008). If E has cotype 2, F is any Banach 
space and n > 2, then 

^as,qCE; F) C Cas,pCE; F) 

holds true for 1 < p < q < 2. 

The class of everywhere absolutely p-summing multilinear operators was introduced 
by M.C. Matos [59] but he credits the idea to Richard Aron. It is easy to show that 

occurs for Css,p and Cm,p, this class has no artificial coincidence 
theorem (a proof can be found in [7T]): 

Proposition 5.19. ///:(^i, . . . , F) = CZ^^g.p^_,jEi, ...,En,F), then 

CiE,;F) = Il,,p^iE,;F),j = l,...,n. 

5.5. Strongly multiple summing multilinear operators: the last attempt. If 

p > 1, T e C{Ei,...,En,F) is strongly multiple p-summing (T G Csrn,p{Ei, En, F)) 

if there exists C > such that 

(5.5) 

\\nxf,...,x^)\\A <c[ sup i0(4;^-'4?)n 

for every m G N, xf^ G Ei with / = 1, n and ji = 1, m. 
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The multi-ideal of strongly multiple ]9-summing multilinear operators was introduced 
in [18] and has not been explored since then. It contains the ideals Css,p and Cm,p- 
All nice properties from Css,p are also valid except perhaps for versions of Pietsch 
Domination Theorem (and inclusion theorem) which are unknown. The size of this 
class is potentially better than the sizes of Css,p and Cm,p since despite containing these 
two classes, it is also known that for this class no coincidence theorem can hold for 
n-linear maps if there is no analogue for linear operators. So, even having a nice size, 
this class has no artificial coincidence results, with no linear analogue. 

6. Desired properties for a nice multi-ideal extension of absolutely 

summing operators 

In [m [26] and it is shown that 

^d,p C l~'si,p C Cm,p C ^(ig p C Cas,p- 
^d,p C ^si,p C (~'ss,p C l~-sm,p- 
^d,p C /^si,p C /lm,p C Cgffi 'p. 

It is not difficult to show that L^^p is cud, csm and it is well known that the Dvoretzky- 
Rogers Theorem is true, and also a Pietsch Domination Theorem (and, of course, 
the inclusion theorem) holds. On the other hand, as we have mentioned before this 
class is small and the Grothendieck Theorem is not true. As the above table shows 
the class is much bigger and from [TSj we know that this class is cud, csm, 

and Dvoretzky-Rogers Theorem and Grothendieck' s ix-l^ Theorem are valid. More 
generally, this class contains the better-known class of multiple summing multilinear 
operators and hence it inherits all the known coincidence theorems for the class of 
multiple summing operators. In some sense, it is natural to expect that all reasonable 
multihnear extensions M. = (A^p)p>i of the ideal of absolutely summing operators 
should satisfy Cii,p C A^p C Csm,p- 

Below we list the properties of each class: 



Property/ Class 


^d,p 


r ■ 

""SLp 


r 


r 

*~'m,p 


r 

*~'sm,p 


r 

'~'as.p 


nev - 

as,p 


cud 


Yes 


Yes 


Yes 


Yes 


Yes 


No 


Yes 


csm 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Grothendieck Theorem 


No 


No 


Yes 


Yes 


Yes 


Yes 


Yes 


Inclusion Theorem 


Yes 


Yes 


Yes 


No 


? 


No 


No 


Dvoretzky-Rogers Theorem 


Yes 


Yes 


Yes 


Yes 


Yes 


No 


Yes 


^d,p C ■ C l~'sm,,p 


Yes 


Yes 


Yes 


Yes 


Yes 


No 


? 



Taking into account the main properties of the linear ideal of absolutely summing 
operators, we propose the following concept of "desired generalization of (np)p>i": 

Definition 6.1. A family ofnormed ideals of multilinear mappings (A^p)p>i is a desired 
generalization of (np)p>i if 

• (i) Cd,p C M.p C Csm,p for all p and the inclusions have norm < 1. 

• (a) M.p is csm for all p. 

• (Hi) M.p is cud for all p. 
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• (iv) J^p C A^q whenever p < q. 

• (v) Grothendieck's Theorem and a Dvoretzky- Rogers theorem are valid. 

First, observe that if Cd,p C A4p C Csm,p then Dvoretzky- Rogers theorem is vahd. 
Note that, accordingly to the above table, {Css,p)p>i is a desirable generalization of 
the family (np)p>i. A desired generalization will be called "desired family". 



Definition 6.2. A desired family Ai = {Aip)p>i is maximal if whenever Aip c Xp for 
all p (and the inclusion has norm < 1) and {Xp)p>i is a desired family, then Aip = Xp 
for all p. 

Similarly, a desired family Ai = (A^p)p>i is minimal if whenever Xp C Aip for all p 
[and the inclusion has norm < 1) and (2p)p>i is a desired family, then Aip = Xp for all 
P- 

Theorem 6.3. There exists a desired family of multilinear mappings which is maximal. 
Proof. Let 

p>i : A^'^ is a desired family for every A G A} . 
In D we consider the partial order 

(6.1) M^' < M^^ ^ Mp' C Mp' and ||-||^a2 < ||-||_^ai for all p>l. 

Note that D ^ since {Css.p)p>i G D. We just need to show that Zorn's Lemma is 
applicable in order to yield the existence of a maximal family. 

If O C is totally ordered and Ao = {A G A : Ai^ = {Aip)p>i G O}, consider the 
class 

U = (Up)p>i, 

where, for each p > 1, Up = [j Aip. 

xeAo 

In Ao we consider the direction 

(6.2) Ai < A2 ^ M^' < M^^ 
and, for each p > 1, define 

(6.3) ||T|L := lim ||T||_^, . 

Note that the above limit exists in view of fl6.ip and (16. 2p . It is not difficult to show 
that (Up {El, En] F) ,\\-\\^^ is a normed space, for each Ei,...,En,F. Moreover, 

^ normed ideal and one can quickly verify that (Up, \\-\\n^^ is a desired 

family. So U = (Wp)p>i G D and W > for all ^ D; hence Zorn's Lemma yields 
that D has a maximal element. □ 

We also have: 

Theorem 6.4. There exists a desired family of multilinear mappings which is minimal. 
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Proof. Consider the set D as in the proof of the above theorem and the partial order 
j^\2 < ^Xi ^ c j^\2 and < IMI_v(^i for all p>l. 

Let also O G D and Ao be as before. Define 

^ = (2p)p>i 

where, for all p > 1, Ip = f] M^. Note that, for all p > 1, if T G Xp (Ei, En, F) , 

AeAo 

then 

(6.4) \\T\\^ = lim ||r||_^, 

V / II IIXp ^g^^ II llAlp 

defines a norm in Xp [Ei, ...,En',F). In fact, from our hypotheses, for each p > 1, the 
inclusion 

inc : £,,p(^i, En, F) ^ 7Wj(Ei, F) 



has norm < 1 for all A G Aq. So, it follows that |||T||_^a : A G Ao| is bounded from 
above by and so the limit in (16.41) exists. Moreover, for all p > 1, the inclusion 

mc : Ml{Ei, En, F) ^ £.„,p(Ei, En, F) 
has norm < 1 for every A G Aq. Hence 

\\T\\m, > min.,, > all ^ e (^1' F) 

and so 

\\T\\j- = if and only if T = 0. 

The other properties are easily verified and hence (Xp [Ei, En, F) , IMIj^^ is a normed 

space for all Ei, En, F. The rest of the proof follows the lines of the previous 
proof. □ 

7. Open Problems 
From the previous section two open problems arise: 



Problem 7.1. Is {Csm,p)p>i (i desired ideal?(we conjecture that it is not) If the answer 
is positive, it will be maximal. 

Problem 7.2. Is {Css,p)p>i a maximal or minimal desired ideal? 

The answer to the next problem seems to be "NO" , but to the best of our knowledge, 
it is an open problem: 



Problem 7.3. Is {Css,p)p>i = {Csm,p)p>i ? 
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For the next problem that we will propose, we need to define a quite artificial 
multilinear version of absolutely summing operators. 

Let n be a positive integer, k G {l,...,n} and p > 1. An n-linear operator 
T G C{Ei, En', F) is fc-absolutely p-summing if there is a constant C > so that 

/ oo \ i/p 

^^■^'> y^^\\T{xj,,...,Xj^,...,XjJ\fj <C\\xj- 

for all Xj- G Ei with i = 1, ...,k — l,k + l...,n and all (xj,.)^^^ G Ip [E^) . In this case we 
write T G C^ p^Ei, ...,En] F). The infimum of the C satisfying (17. ip defines a norm for 
Cgp{Ei,...,En]F), denoted by IHI^gp. These maps were essentially introduced in [18] 
as an example of an artificial generalization of absolutely summing operators. 

Now, consider the new class, Cgg^p, whose components we will call quasi-absolutely 
p-summing: 

n 

^qs,p{Ei, En, F) := Pi dlp{Ei, En, F). 

k=l 

Defining 

(7-2) llTll^^p := max||T||;,^^p, 

we get a norm for Cqs^p{Ei, En, F) and {Cgs,p, \\-\\qsp) is a Banach ideal. 

The ideal {Cgs^p, \\-\\qsp) is not interesting since it is the linear ideal in a nonlinear 
disguise. So, it is interesting to show that this class is not a desired family. In order to 
to this it is necessary to answer the following problem: 

Problem 7.4. Is {Csm,p)p>i = {Cqs,p)p>i^ 

Note that it is plain that Csm,p C Cqs^p and the inclusion has norm < 1. 
Any answer to the above problem will lead to very important conclusions: 

- If the answer to the above problem is YES (we conjecture that this is not), then 
we have several serious bits of information: (i) the equality is nontrivial and the result 
will be interesting by its own; (ii) we conclude that {Csm.,p)p>i is a (maximal) desired 
ideal and (the more important) we conclude that (£sm,p)p>i indeed possesses very nice 
properties. For example, besides the inclusion theorem (which was unknown for this 
class), since every linear coincidence situation Ilp[E; F) = C{E; F) is naturally extended 
to CqsA^'E; F) = Ci^'E; F), so we will also have £,^,p("E; F) = £("E; F) and with all 
this information in hand, it would be natural to consider {Csm,p)p>i as the "perfect" 
generalization of (Ilp)^^-^th.an {jCm,p)p>i- 

- If the answer to the above problem is NO (which we conjecture), then we conclude 
that {Cqs^p)p>i is not a desired class, a reasonable situation, since the class (>Cgs,p)p>i is 
artificially constructed. 

References 

[1] R. Alencar and M. C. Matos, Some classes of multilinear mappings between Banach spaces, 
Publicaciones del Departamento de Analisis Matematico 12, Universidad Complutense Madrid, 
(1989). 



\x 



Jn I 



ABSOLUTELY SUMMING MULTILINEAR OPERATORS: A PANORAMA 



27 



[2] J. L. Arregui and O. Blasco, (p, gj-summing sequences, J. Math. Anal AppL 274 (2002), 812-827. 
[3] S. Banach, Theorie des operations lineaires, PWN, 1932. 

[4] O. Blaseo, G. Botelho, D. Pellegrino and P. Rueda, Summability of multilinear mappings: 
Littlewood, Orlicz and beyond, to appear in Monatshefte fiir Mathematik, DOI: 10.1007/s00605- 
010-0209-9. 

[5] O. Blasco, G. Botelho, D. Pellegrino and P. Rueda, Lifting summability properties for multilinear 
mappings, preprint. 

[6] H. F. Bohnenblust and E. Hille, On the absolute convergence of Dirichlet series, Ann. Math. 32 
(1931), 600-622. 

[7] F. Bombal, D. Perez-Garcfa and L Villanueva, Multilinear extensions of Grothendieck's theorem, 

Q. J. Math. 55 (2004), 441-450. 
[8] G. Botelho, Cotype and absolutely summing multilinear mappings and homogeneous polynomials, 

Proc. Roy. Irish Aead Sect. A 97 (1997), 145-153. 
[9] G. Botelho, Ideals of polynomials generated by weakly compact operators. Note Mat. 25 

(2005/2006), 69-102. 

[10] G. Botelho, H.-A. Braunss, H. Junek and D. Pellegrino, Holomorphy types and ideals of multilinear 

mappings, Studia Math. 177 (2006), 43-65. 
[11] G. Botelho, H.-A. Braunss, H. Junek and D. Pellegrino, Inclusions and coincidences for multiple 

summing multilinear mappings, Proc. Amcr. Math. Soc. 137 (2009), 991-1000. 
[12] G. Botelho, D. Diniz and D. Pellegrino, Lineability of the set of bounded linear non-absolutely 
[13] summing operators, J. Math. Anal. Appl. 357 (2009), 171-175. 

[14] G. Botelho, C. Michels and D. Pellegrino, Complex interpolation and summability properties of 

multilinear operators. Rev. Matem. Complutense 23 (2010), 139-161. 
[15] G. Botelho and D. Pellegrino, Two new properties of ideals of polynomials and applications, Indag. 

Math. (N.S.) 16 (2005), 157-169. 
[16] G. Botelho and D. Pellegrino, Scalar-valued dominated polynomials on Banach spaces, Proc. 

Amer. Math. Soc. 134 (2006), 1743-1751. 
[17] G. Botelho and D. Pellegrino, Absolutely summing operators on Banach spaces with no 

unconditional basis, J. Math. Anal. Appl. 321 (2006), 50-58. 
[18] G. Botelho and D. Pellegrino, Coincidence situations for absolutely summig non-linear mappings. 

Port. Math. 64 (2007), 175-191. 
[19] G. Botelho and D. Pellegrino, Coincidences for multiple summing mappings. In: Segundo Enama, 

27-28,. Joao Pessoa, Brazil (2008) 
[20] G. Botelho and D. Pellegrino, When every multilinear mapping is multiple summing. Math. Nachr. 

282 (2009), 1414-1422. 

[21] G. Botelho and D. Pellegrino, Absolutely summing operators into spaces with no finite cotype. 

Bulletin of the Belgian Mathematical Society Simon Stevin 16 (2009), 373-378. 
[22] G. Botelho, D. Pellegrino and P. Rueda, Dominated polynomials on infinite-dimensional spaces, 

Proc. Amer. Math. Soc. 138 (2010), 209-216. 
[23] G. Botelho, D. Pellegrino and P. Rueda, A unified Pietsch Domination Theorem, J. Math. Anal. 

Appl. 365 (2010), 269-276. 
[24] G. Botelho, D. Pellegrino and P. Rueda, Dominated bilinear forms and 2-homogeneous 

polynomials, Publ. Res. Inst. Math. Sci. 46 (2010), 201-208. 
[25] G. Botelho, D. Pellegrino and P. Rueda, Cotype and absolutely summing linear operators, to 

appear in Math. Z. doi: 10.1007/s00209-009-0591-y 
[26] E. (^ali§kan and D. M. Pellegrino, On the multilinear generalizations of the concept of absolutely 

summing operators. Rocky Mountain J. Math. 37 (2007), 1137-1154. 
[27] D. Carando, V. Dimant and S. Muro, Coherent sequences of polynomials ideals on Banach spaces. 

Math. Nachr. 282 (2009), 1111-1133. 
[28] D. Carando, V. Dimant and P. Sevilla-Peris, Ideals of multilinear forms - a limit order approach, 

Positivity 11 (2007), 589-607. 



28 DANIEL PELLEGRINO AND JOEDSON SANTOS 

[29] R. Cilia and J. Gutierrez, Dominated, diagonal polynomials on £p spaces, Arch. Math. 84 (2005), 
421-431. 

[30] W.J. Davis and W.B. Johnson, Compact non-nuclear operators, Studia Math. 51 (1974), 81-85 
[31] A. Defant and K. Floret, Tensor norms and operator ideals, North-Holland Mathematics Studies 

176, North-Holland, 1993. 
[32] A. Defant, M. Mastylo, Composition of {E, 2)-summing operators, Studia Math. 159 (2003) 51-65. 
[33] A. Defant and D. Perez-Garcia, A tensor norm preserving unconditionality for Lp-spaces, Trans. 

Amcr. Math. Soc. 360 (2008), 3287-3306. 
[34] A. Defant and P. Sevilla-Peris, A new multilinear insight on Littlewood's 4/3-inequality, J. Funct. 

Anal. 256 (2009), 1642-1664. 
[35] A. Defant, D. Popa and U. Schwarting, Coordenatewise multiple summing operators on Banach 

spaces, J. Funct. Anal. 259 (2010), 220-242. 
[36] J. Diestel, J. H. Fouric and J. Swart, The metric theory of tensor products, Grothendieck's Resume 

revisited, American Mathematical Society, 2008. 
[37] J. Diestel, H. Jarchow and A. Tonge, Absolutely summing operators, Cambridge University Press, 

1995. 

[38] V. Dimant, Strongly p-summing multilinear operators, J. Math. Anal. Appl. 278 (2003), 182-193. 
[39] S. Dineen, Complex Analysis on Infinite Dimensional Spaces, Springer- Verlag, London, 1999. 
[40] E. Dubinsky, A. Pelczyhski and H. P. Rosenthal, On Banach spaces X for which H2(ioo,-'^) = 

B{Loo,X), Studia Math. 44 (1972), 617-648. 
[41] A. Dvoretzky and C.A. Rogers, Absolute and unconditional convergence in normed linear spaces, 

Proc. Nat. Acad. Sci. USA 36 (1950), 192-197. 
[42] K. Floret and M.C. Matos, Applications of a Khinchine inequality to holomorphic mappings. 

Math. Nachr. 176 (1995), 65-72 
[43] H. Geiss, Ideale multilinearer Abbildungen, Diplomarbeit, Brandenburgische Landeshochschule, 

1985. 

[44] A. Grothendieck, Resume de la theorie metrique des produits tensoriels topologiques, Bol. Soc. 

Mat. Sao Paulo 8 (1953/1956), 1-79. 
[45] A. Grothendieck, Produits tensoriels topologiques et espaces nucleaires. Memoirs Acad. Math. 

Soc. 16, 1955. 

[46] J. Hoffmann- J0rgensen, Sums of independent Banach space valued random variables, Studia Math. 
52 (1974), 159-186. 

[47] H. Jarchow, C. Palazuelos, D. Pcrez-Garcia and I. Villanueva, Hahn-Banach extension of 
multilinear forms and summability, J. Math. Anal. Appl. 336 (2007), 1161-1177. 

[48] H. Junek, M.C. Matos and D. Pellegrino, Inclusion theorems for absolutely summing holomorphic 
mappings, Proc. Amer. Math. Soc. 136 (2008), 3983-3991. 

[49] D. Kitson and R. Timoney, Spaceability and operator ranges, preprint. 

[50] H. Konig, J.R. Retherford, N. Tomczak-Jaegermann, On the eigenvalues of {p, 2)-summing 

operators and constants associated to normed spaces, J. Funct. Anal. 37 (1980) 149-168. 
[51] T. Kiihn and M. Mastylo, Products of operator ideals and extensions of Schatten classes. Math. 

Nachr. 283 (2010), 891-901. 
[52] T. Kiihn and M. Mastylo, Weyl numbers and eigenvalues of abstract summing operators, J. Math. 

Anal. Appl. 369 (2010), 408-422. 
[53] S. Kwapien, Isomorphic characterizations of inner product spaces by orthogonal series with vector 

valued coefficients, Studia Math. 44 (1972), 583-595. 
[54] J. Lindenstrauss and A. Pelczynski, Absolutely summing operators in Cp spaces and their 

applications, Studia Math. 29 (1968), 275-326. 
[55] J.E. Littlewood, On bounded bilinear forms in an infinite number of variables. Quart. J. (Oxford 

Ser.) 1 (1930), 164-174. 

[56] M.C. Matos, Strictly absolutely summing multilinear mappings, Relatorio Tecnico 03/92, 
Unicamp, 1992. 



ABSOLUTELY SUMMING MULTILINEAR OPERATORS: A PANORAMA 



29 



[57] M. Matos, Absolutely summing holomorphic mappings, Anais da Academia Brasilcira de Ciencias 
68 (1996), 1-13. 

[58] M.C. Matos. Fully absolutely summing and Hilbert-Schmidt multilinear mappings. Collectanea 

Math. 54 (2003), 111-136. 
[59] M.C. Matos, Nonlinear absolutely summing mappings. Math. Nachr. 258 (2003), 71-89. 
[60] R.D. Mauldin, The Scottish book, Birkhauser, 1982. 

[61] B. Maurey, Theoremes de factorisation pour les operateurs lineaires a valeurs dans les espaces Lp, 
Asterisque, No. 11, Societe Mathematique de France, Paris, 1974. 

[62] B. Maurey and G. Pisier, Series de variables aleatoires vectorielles independantes et proprietes 
geometriques des espaces de Banach, Studia Math. 58 (1976), 45-90. 

[63] Y. Melcndez and A. Tonge, Polynomials and the Pictsch Domination Theorem, Proc. Roy. Irish 
Acad Sect. A 99 (1999), 195-212. 

[64] L. Mezrag and K. Saadi, Inclusion theorems for Cohen stringly summing multilinear operators, 
BuU. Belg. Math. Soc. Simon Stevin 16 (2009), 1-11. 

[65] B. Mitiagin and A. Pclczynski, Nuclear operators and approximative dimensions, Proceedings 
International Congress of Mathematics, Moscow 1966. 

[66] J. Mujica, Complex analysis in Banach spaces, North-Holland Mathematics Studies 120, North- 
Holland, 1986. 

[67] D. Pellegrino, Cotype and absolutely summing homogeneous polynomials in Lp spaces, Studia 

Math. 157 (2003), 121-131. 
[68] D. Pellegrino, Cotype and nonlinear absolutely summing mappings. Proceedings of the Royal Irish 

Academy Section A-Mathematical and Physical Sciences 105(A) (2005), 75-91. 
[69] D. Pellegrino, J. Santos and J.B. Seoane-Scpiilvcda, Some techniques on nonlinear analysis and 

applications, 'arXiv: 1006.0536" 
[70] D. Pellegrino and J.B. Scoane-Sepiilveda, Improving the constants for the real and complex 

Bohnenblust-Hille inequality, larXiv: 1010.04611 
[71] D. Pellegrino and M. Souza, Fully summing multilinear and holomorphic mappings into Hilbert 

spaces. Math. Nachr. 278 (2005), 877-887. 
[72] D. Perez-Garcia, Operadores multilineales absolutamente sumantes, Dissertation, 2002 
[73] D. Perez-Garcia, Operadores multilineales absolutamente sumantes, Thesis, 2003. 
[74] D. Perez-Garci'a, The inclusion theorem for multiple summing operators, Studia Math. 165 (2004), 

275-290. 

[75] D. Perez-Garcfa, The Trace Class is a Q-algebra. Ann. Acad. Sci. Fcnn. Math. 31 (2006), 287-295. 
[76] D. Percz-Garci'a, Comparing different classes of absolutely summing multilinear operators. Arch. 

Math. 85 (2005), 258-267. 
[77] D. Pcrcz-Garcia and I. Villanueva. Multiple summing operators on Banach spaces, J. Math. Anal. 

Appl. 285 (2003), 86-96. 

[78] D. Perez-Garcfa and I. Villanueva, There is no lattice preserving natural tensor norm, Quaest. 

Math. 27 (2004), 267-273. 
[79] A. Pietsch, Operator Ideals, Deutscher Verlag der Wiss, 1978 and North Holland, Amsterdam, 

1980. 

[80] A. Pietsch, Absolut p-summierende Abbildungen in normieten Raumen, Studia Math. 27 (1967), 
333-353. 

[81] A. Pictsch. Ideals of multilinear functionals, Proceedings of the Second International Conference 
on Operator Algebras, Ideals and Their Applications in Theoretical Physics, 185-199, Teubner- 
Texte, Leipzig, 1983. 

[82] A. Pietsch, Ideals of multilinear functionals, Forschungscrgebnissc, Friedrich Schiller Univcrsitat, 
Jena, 1983. 

[83] G. Pisier, Counterexamples to a conjecture of Grothendieck, Acta Math. 151 (1983), 181-208. 
[84] D. Popa, Reverse inclusions for multiple summing operators, J. Math. Anal. Appl. 350 (2009), 
360-368. 



30 



DANIEL PELLEGRINO AND JOEDSON SANTOS 



[85] D. Puglisi and J. B. Scoanc-Scpiilvcda, Bounded linear non-absolutely summing operators, J. Math- 
Anal. Appl. 338 (2008), 292-298. 

[86] H. Qucffclcc, H. Bohr 's vision of ordinary Dirichlct scries: old and new results, Jornal of Analysis 
3 (1995), 43-60. 

[87] M.S. Ramanujan and E. Schock, Operator ideals and spaces of bilinear operators, Linear and 

Multilinear Algebra 18 (1985), 307-318. 
[88] B. Sehneider, On absolutely p-summing and related multilinear mappings, Brandenburgische 

Landeshochschule Wissenschaftliche Zeitschrift 35 (1991), 105-117. 
[89] M. Souza, Aplicagoes multilineares completamente absolutamente somantes. Thesis, Universidade 

Estadual de Campinas, UNICAMP, 2003. 
[90] M. Talagrand, Cotype and {q, l)-summing norms in Banach spaces. Invent. Math. 110 (1992), 

545-556. 

(D. Pellegrino) Departamento de Matematica, Universidade Federal da Paraba, 
58038-310 - JoAO Pessoa, Paraba, Brazil, [J. Santos] Departamento de Matematica, 
Universidade Federal de Sergipe, 49.500-000 - Itabaiana, Sergipe, Brazil. 



